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Abstract. We give several integral representations for the Euler-Mascheroni






of this combinatorial identity is done in an elemental way.





i − ln(n), see for example [7], [6]. Indeed the irrationality of γ would
follow from criteria given in [3] (see also [5]).
The purpose of this note is to give integral representations for γ which seem to
be new. As usual we write (x)n = (x+ n− 1)(x+ n− 2) . . . x.
Theorem. If f(x, n) := 3x2n + 2 +
n+x+ 12

























Remark 1. The formulae stated converge more rapidly than the usual defini-













Indeed this follows form the fact that for 0 ≤ x ≤ 1 one has | (−x)n(x)n(x)2n+1 | ≤
1
n2(2nn )
and f(x, n) ≤ f(1, n) ≤ 6 if 1 ≤ n.























(12 − (x− y)2) . . . ((n− 1)2 − (x− y)2)
(2n+ x)(2n− 1 + x)...(x + 1)
f1(n, x, y)+
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(12 − (x− y)2) . . . ((n− 1)2 − (x− y)2)
(N + n+ x)(N + n− 1 + x) . . . (N − n+ x+ 1))
f2(n,N, x, y) =:
AN (x, y) +BN (x, y),
where we set (12 − (x− y)2) . . . ((n− 1)2 − (x − y)2) = 1 if n = 1.
Recall the well-known representation
Γ′(x + 1)
Γ(x+ 1)






Notice that in (1), BN (x, y)→ 0 as N →∞ if x and y are bounded . We prove
this in a moment.
Now i) follows from integrating (2) from 0 to 1 and using (1) with y = 0, letting
N →∞. The first formula of ii) is proved in the same way putting x = 0 in (1).




(n+y) ; C0 :=
C0(n, x, y) =
1
(n+x)(n+y) where bk := bk(x, y) = (x−y)
2−k2, and define b1 . . . bi−1 =
1 if i = 1.









b1 . . . bn−1











b1 . . . bk−1
(n+ k + x) . . . (n− k + x)






















From the equality of the first expression in (3) and the last one, we obtain (1).
We now prove that if 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 then BN (x, y)→ 0 as N → ∞ (the
proof for x, y bounded is similar). Indeed in this range of x and y one has





































n3 ) = O(1/N), where we





for 1 ≤ n ≤ N/4, N ≥ 4.
This finishes the proof of the theorem. 
A corollary of formula (1) is the following
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γ −DM = O(1/8
M )









(12 − (x− y)2) . . . ((n− 1)2 − (x − y)2)
(2n+ x)(2n− 1 + x) . . . (x+ 1)
f1(n, x, y).




















































observing that h(n,M, y) = f1(n,M,M + y). 
Remark 2. The corollary stated seems to give clean approximation formulas.
Indeed
D1 = 1− ln 2, D2 =
283
144











Numerically we have checked that DM is always of the form r − ln n, with r a
rational number and 2 ≤ n ≤ 2M , nǫZ.





(n+x)s for s = 2, 3, 4, . . . .




{y 3F2[1/2, 1−y, 1+y; 3/2, 3/2;−1/4]+
y
1 + y
3F2[1−y, 1+y, 1+y; 3/2, 2+y;−1/4]
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k! is the general hypergeo-
metric function.
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